Abstract. For a particle in the magnetic field of a cloud of monopoles, the naturally associated 2-form on phase space is not closed, and so the corresponding bracket operation on functions does not satisfy the Jacobi identity. Thus, it is not a Poisson bracket; however, it is twisted Poisson in the sense that the Jacobiator comes from a closed 3-form.
Introduction
The Vlasov-Maxwell equations describe the time-evolution in the continuum limit of a collisionless plasma of charged particles interacting via the electromagnetic fields which they generate. It was shown by Morrison [1, 2] and Marsden and Weinstein [3] that these equations form a hamiltonian system with respect to a Poisson structure derived by reduction from a symplectic structure on a product of cotangent bundles.
The fact that the Poisson structure satisfies the Jacobi identity is related to the vanishing of the divergence of the magnetic field, which depends on the absence of monopoles. It has been known for some time (see, for instance, [4] ) that, when monopoles are present, the Jacobi identity is violated, so that the system is not hamiltonian, thus raising questions about the possibility of its quantization, and perhaps even about its physical validity. Now the motion of a single charged particle in a divergence-free background magnetic field is well known to be hamiltonian. When there is a global vector potential for the magnetic field, the Poisson bracket on position-momentum phase space may be taken to be the canonical one, with the vector potential appearing as part of the hamiltonian function generating the motion. Alternatively, using the kinetic energy metric to convert the vector potential to a 1-form A, one may eliminate its contribution to the hamiltonian by adding to the symplectic structure on phase space the pullback from configuration space of the magnetic field, represented as the closed 2-form B = dA. In this way, one can express in hamiltonian form the equations of motion when there is no global vector potential, such as in the field outside a magnetic monopole. (See, for instance, [5] .)
The original approach by Dirac [6] to this situation used a vector potential which was singular along a "string" stretching from the monopole to infinity.
Wu and Yang [7] used the formalism of connections on vector bundles to avoid the singular strings.
1
When the charged particle moves in a background magnetic field with nonzero divergence created by a "cloud" of monopoles, the 2-form B is not even closed, and so the resulting "Poisson bracket" on phase space no longer satisfies the Jacobi identity. This fact came to our attention in Heninger and Morrison [8] , but there are many previous references to this fact, as cited in [8] . However, the failure of the Jacobi identity is expressed in terms of a closed 3-form, making the bracket into what is known as a "twisted Poisson bracket" [9, 10, 11] . This leads to the question of whether the plasma bracket, known not to be Poisson, is at least twisted Poisson.
In this note, we consider a simplified system in which a plasma of charged particles, none of them monopoles, interacts with a background magnetic field which may not be divergence-free. We show that the plasma bracket in this case can fail to be twisted Poisson, even though the single-particle bracket is twisted Poisson. To show this, we use the fact [11] that the image of the structural bivector for a twisted Poisson structure is an integrable (generally singular) distribution; thus, we will give an example of a magnetic field for which this distribution is not integrable. 
Plasma dynamics
2.1. Maxwell-Vlasov equations. The usual Maxwell-Vlasov equations are a system of partial differential equations for the time evolution of quantities f s (x, v, t), E(x, t), and B(x, t). Each f s is the density in phase space (position x and velocity v) of a particle species s with mass m s and electric charge e s . E and B are, as usual, the electric and magnetic fields. The equations express the transport of phase space density for each species under the motion determined by the Lorentz equations, along with Maxwell's equations for the electromagnetic field, taking into account the charge density ρ = s e s f s dv and current density j = s e s f s vdv.
In the hamiltonian formulation of Morrison and Marsden/Weinstein, the hamiltonian functional is
where E and B are determined by the f s according to the Maxwell equations which relate them to the charge and current densities. When monopoles are admitted, we add to the particle data some nonzero monopole strengths g s , leading to a monopole density and monopole current density which affect the definitions of E and B, but the form of the hamiltonian remains the same.
The full Poisson bracket, monopole terms included, is [8] :
Here, the subscripts on the functionals F and G of f s , E, and B denote the functional derivatives w.r.t. the subscript variables, e.g. F fs = δF/δf s , and { , } CAN is the usual canonical bracket on functions on (x, v) phase space. The jacobiator of the bracket is [8] :
In the usual Maxwell-Vlasov situation, where there are no monopoles, ∇ · B and all the g s are zero, and so the jacobiator vanishes; i.e. the Jacobi identity is satisfied. In the general case, though, it is not.
Particle dynamics.
We next look at the dynamics of a single particle in an electromagnetic field. Later, we will see how the plasma dynamical equations above are related to this.
For the motion of a particle with mass m and charge e in an electromagnetic field, the configuration space Q is three-dimensional euclidean space, with an electric potential function φ and a magnetic vector potential A. The electric field is E = ∇φ and the magnetic field is B = ∇ ×A. In Newton's equation of motion F = ma, F is the Lorentz force e(E + v × B), a function of both position and velocity.
For our purposes, and to allow for generalization, we will use the hamiltonian formalism in which A becomes a 1-form via the identification between tangent and cotangent vectors induced by the riemannian metric on euclidean space, and B is the 2-form dA.
(For more details, see, for example [5] .) We can then use the following general setup.
The configuration space Q can be any manifold (not necessarily of dimension 3). The magnetic field is a 2-form B on Q. The Maxwell equation ∇ · B = 0 becomes the condition dB = 0. We define a new phase space T * B Q to be T * Q with the symplectic form ω B which is the sum of the canonical form ω Q and the pullback of B by the natural projection T * Q → Q. (For convenience, we will assume the charge e to be unity. If A is any 1-form on Q, the "gauge transformation" given by translation by A takes ω B to ω B−dA . In particular, T * B Q is symplectomorphic to T * Q if and only if B is exact. We assume that Q is provided with a "kinetic energy" riemannian metric, which implicitly includes the mass, so that the metric identifies velocity v in T Q with momentum in T * Q; by abuse of notation, we will also denote the momentum itself by v. The hamiltonian for the Lorentz flow is then For motion in the magnetic field created by a smooth distribution of monopoles, we must drop the assumption that dB = 0. Our goal is to see what remains of the hamiltonian theory, now that the 2-form ω B is no longer closed. It is still nondegenerate, though, and so we can "invert" it to produce a bivector π B . As we will see in Section 3, π B , though no longer necessarily a Poisson structure, is twisted Poisson for the closed 3-form φ = dB.
Twisted Poisson structures
Twisted Poisson structures were introduced by Klimčik and Strobl [13] (who called them WZW Poisson structures), inspired by previous work in string theory with closed 3-form "backgrounds". They were then named and studied byŠevera and Weinstein [11] in the setting of Dirac structures.
Just as Poisson structures on a manifold M may be identified with certain Dirac structures in the standard Courant algebroid E 0 = T M ⊕ T * M; see Courant [14] and Liu et al. [15] , twisted Poisson structures may be defined as Dirac structures in a modified Courant algebroid E φ in which the term φ(X 1 , X 2 , ·) is added to the right hand side of the definition
of the standard bracket on E 0 .
The graph ofπ for a bivector field 3 π on M turns out to be a Dirac structure in E φ if and only if it satisfies the equation
We call such bivectors, and the associated brackets, twisted Poisson structures. We will also refer to the associated linear mapπ as a twisted Poisson structure.
On the other hand, the graph ofω for a 2-form ω on M is a Dirac structure in E φ if and only if dω = φ. In particular, if π is a nondegenerate bivector, so that it comes from a 2-form ω with the same graph, π is necessarily a twisted Poisson structure with φ = dω.
Poisson brackets and hamiltonian vector fields are defined as usual: {f, g} = π(df, dg) and H f = {·, f }. With these definitions, the Jacobi identity becomes:
As with any Dirac structure, (the graph of) a twisted Poisson structure is a Lie algebroid, which here may be identified with the cotangent bundle. The anchor of this Lie algebroid is the bundle mapπ, whose image is the set of values of all hamiltonian vector fields. As is true for any Lie algebroid, the (generally singular) distribution consisting of these "hamiltonian vectors" is integrable; the leaves carry non-degenerate (but generally not closed) 2-forms.
Finally, we note that
In Section 4 below, we will use these facts to prove that a certain bivector field is NOT a twisted Poisson structure.
Almost Poisson structure on the dual of an almost Lie algebra
Let g be a finite-dimensional Lie algebra. It is well known that there is an induced Poisson structure on the dual space g * , known as the Lie-Poisson structure. The bracket on functions is given by
where the values of df i (c) at c ∈ g * , which belong to g * * , are considered as elements of
g. An infinite-dimensional version of this comes from taking g to be the space F (M) of compactly supported smooth functions on a Poisson manifold M, with the Poisson bracket Lie algebra structure, and g * the topological dual space D(M) of distributional densities on M. (The identification of g * * with g remains valid in this situation.) The proof that the bracket on (functions on) g * satisfies the Jacobi identity depends, of course, on the Jacobi identity in the Lie algebra g; it is natural to ask, then, if g = F (M) where M is a twisted Poisson manifold, whether this property carries over to D(M) as well.
An almost Lie algebra is a vector space g with a bilinear operation which is antisymmetric but which does not necessarily satisfy the Jacobi identity. Just as for a Lie algebra, there is a bivector on g * defining a bracket operation by (5) . This bracket is a Poisson bracket, i.e. it satisfies the Jacobi identity, if and only if g is actually a Lie algebra.
We will show below that, for a certain almost Lie algebra g, the almost Poisson structure on g * is not even twisted Poisson. Following our observation in Section 3, it suffices to show that the distribution consisting of values of hamiltonian vector fields is not integrable. We will do this in the following way.
To determine whether the distribution consisting of hamiltonian vector values on the dual g * of an almost Lie algebra is integrable, we must test whether the value at each point f of the bracket [H a , H b ] of the hamiltonian vector fields of any two functions a and b on g * is again the value of a hamiltonian vector field. To show that this is NOT the case, it is sufficient to find linear functions for which the bracket is not the value at f of the hamiltonian vector field of any linear function h, since linear functions have all possible differentials at each point. Each such linear function a corresponds to an element of g. In our situation, where g is F (M), this element is a function on M which we will also denote by a.
For an element a in any almost Lie algebra g, the hamiltonian vector field on g * of the linear function corresponding to a is the linear operator H a given by the "coadjoint action" of a, by which we mean the operator dual to the "adjoint" operator A a : b → [a, b]. When g is F (M) for an almost-Poisson manifold M, the bracket [ , ] is the almost Poisson bracket, so we will denote it by { , } instead. The adjoint operator is then b → {a, b}, which is the negative of the hamiltonian vector field H a of the function a on M, operating on functions. The dual of this operator, acting on densities in D(M), is the negative of the Lie derivative operator L Ha .
In the case which will be of interest below, the almost Poisson structure comes from a symplectic structure whose Liouville volume form is invariant under all hamiltonian vector fields. This enables us to identify the densities with (generalized) functions on M, in which case the Lie derivative operator L Ha becomes identified with H a itself.
So we are left with the problem on M of finding functions a and b, and a function f (representing a density by multiplication with the Liouville volume form) for which [H a , H b ]f is not equal to H h f for any function h. By Equation (4), we have
Since the term −H {a,b} f IS the value at f of a hamiltonian vector field, we are left with trying to show thatπ(φ(H a , H b , ·))f is NOT such a value.
On the other hand, for the value at f of the hamiltonian vector field of a function h, we have H h f = {f, h} = −H f h. Thus, we must show thatπ(φ(H a , H b , ·))f is not in the image of the hamiltonian vector field operator H f . We will use the following simple lemma.
Lemma 4.1. If a function g on M is in the range of the operator given by a vector field ξ, then the integral of g around any closed orbit of ξ must be zero.
Proof. If ξh = g, then g is the derivative of h along each orbit of ξ. If the orbit is closed, the value of h repeats after a period of the orbit, so the integral of its derivative must be zero.
It remains, then, to exhibit an example where a twisted Poisson structure π on M is the inverse of a nondegenerate 2-form whose associated volume form is invariant under every hamiltonian vector field, but where the integral ofπ(φ(H a , H b , ·))f around a closed orbit of the hamiltonian vector field H f is not zero for some functions a, b, and f . This is what we shall now do, where M is the phase space of a particle in a magnetic field for a monopole background. Now,
The twisted Poisson structure on M is then
The almost Poisson structure on D(M) is the following simplified version of the Maxwell-Vlasov bracket (1):
The jacobiator formula (2) then simplifies to
We have the Schouten bracket:
and
Let f be the function x 1 p 2 − x 2 p 1 . Its hamiltonian vector field is
(The "B" part of ω B contributes two terms in
, but they cancel one another.) On each orbit of H f , x 3 and p 3 are constant, while the projections in the (x 1 , x 2 ) and (p 1 , p 2 ) planes each traverse at unit speed circles centered at the origin. In particular, all of the orbits are periodic.
It is easy to check that the Liouville volume is preserved under the Hamiltonian flow, i.e., L H f ω
For their hamiltonian vector fields, we have
Contracting these with φ = −x 1 dx 1 ∧ dx 2 ∧ dx 3 gives x 1 dx 2 , applyingπ gives x 1 ∂ ∂p 2 , and operating on f = x 1 p 2 − x 2 p 1 gives x 2 1 . The integral of this nonnegative function around almost every one of the periodic orbits of H f is obviously positive (in fact, it is just the number π).
This shows that the distribution on D spanned by hamiltonian vector fields is not integrable; hence, our almost Poisson structure is not twisted Poisson.
Discussion
One may wonder why a twisted Poisson structure on phase space could fail to be twisted Poisson when lifted to the space of densities. Here are some thoughts on a possible answer. Any almost Lie bracket β on a vector space g (in our case, the functions on phase space) "lifts" to an almost Poisson structure on g * . When β satisfies the Jacobi identity, so does the lift. But the condition that β be a twisted Poisson bracket involves more than the vector space structure on g. g must also have a multiplicative structure so that there is a notion of 3-form. But we see no way of lifting this structure to the functions on g * so as to construct a 3-form on g * which would make the lifted bracket twisted Poisson.
It still might be the case that some almost Lie but not Lie brackets on g could lift to twisted Poisson structures on g * . A particular case of interest would be that where g is the space of functions on the phase space of a particle in the magnetic field of a uniform distribution of monopoles. Finally, we may ask whether, for the Maxwell-Vlasov bracket, there is any useful remnant of the fact that the single-particle bracket is twisted Poisson.
